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L,-Equivalence of Impulsive Equations
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By means of a modification of Schauder’s theorem, sufficient conditions for the
L,-equivalence of impulsive nonlinear differential equations are found.

1. INTRODUCTION

Sufficient conditions are found here for the integral equivalence (Marlin
and Struble, 1969; Ha$¢ak and Svec, 1982; Simeonov and Bainov, 1984) of
an impulsive nonlinear equation and one that is weakly perturbed in some
sense with respect to the first one. The beginning of the qualitative investiga-
tion of impulsive equations was marked by the work of Mil’man and Myshkis
(1960, 1963) and their theory in the finite-dimensional case is given in
Samoilenko and Perestyuk, 1987).

2. STATEMENT OF THE PROBLEM

Let X be a Banach space and let R, =[0, c0). By {t,},—, we denote a
sequence of points 0<¢, <t,< - - - satisfying the condition

lim t, =0

Consider the impulsive equation
dx/dt=F(t, x) (t#1,) (1)
x(t, +0) = Q,x(t,) (n=1,2,3,...) (2)
where F(f,x): R, XX ->X 1is a continuous function, Q,€ L(X) (n=

1,2,3,...), and by L(X) we have denoted the linear space of the linear
bounded operators acting in X. Moreover, we assume that the operators
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Q, are invertible, i.e., that there exist continuous inverse operators Q'
(n=1,2,3,...).
Later, we consider the perturbed impulsive differential equation

dy/dt=F(t,y)+G(t,y) (t#1t,) (3)
y(t, +0)=(Q,+4,)y(t,) (4)

where G(t,y): R, x X > X is a continuous function and A, e L(X) and
(Q.+A,)e L(X) are invertible operators.

Definition 1. We shall say that the function ¢(¢) (¢=0) is a solution
of the equation (1)-(2) [(3)-(4)] if, for ¢ # t,, it satisfies equation (1) [(3)]
and for t =t, the condition of “jump” (2) [(4)].

Let 1=p=oco. By B, we denote a closed ball in the space X with a
center at zero and radius r.

Let B be an arbitrary Banach space and Q < R... By L,(Q, B) we denote
the space of functions x: Q- B for which [q, ||x(#)]|” dt <co. When B=R,
we shall write L,(Q2) and when B=R and Q =R, we shall write just L,.

Definition 2. The equation (3)-(4) is called L,-equivalent to the
equation (1)-(2) in the ball B, if there exists p > 0 such that for any solution
x(t) of (1)-(2) lying in B, there exists a solution y(t) of (3)-(4) lying in
the ball B,., and satisfying the relation y(¢) —x(t) € L,(R,., X). If equation
(3)-(4) is L,-equivalent to equation (1)~(2) in the ball B, and vice versa,
we shall say that equations (1)-(2) and (3)-(4) are L,-equivalent in the
ball B,.

Definition 3. The equation (3)-(4) is called asymptotically L,-
equivalent to the equation (1)-(2) in the ball B, if there exist numbers 7= 0
and p >0 such that for any solution x(¢) of (1)-(2) which is defined in
[7, ) and lies in the ball B, there exists a solution y(t) of (3)-(4) which
is defined in [, ©), lies in the ball B,.,, and y(¢)—x(t)e L,([7, o), X). If
equation (3)-(4) is asymptotically L,-equivalent to equation (1)-(2) in the
ball B, and vice versa, then equations (1)-(2) and (3)-(4) are called
asymptotically L,-equivalent in the ball B,.

3. MAIN RESULTS
3.1. Equivalent Equations

Set
g, 7)= T Q' (5)
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Then each solution x(t) of equation (1)-(2) which lies in the ball B,
is a solution of the nonlinear integral equation

x(t)=—J q(t, s)F(s, x(s)) ds (6)
[provided that the right-hand side of (6) is defined].
Set
g, 7= T (Q+4)™ (7)

Then each solution y(t) of equation (3)-(4) which lies in the ball B, is a
solution of the nonlinear integral equation

y(1)= “J' q4(1, $)LF (s, y(s))+ G(s, y(s))] ds (®)

[provided that the right-hand side of (8) is defined].
Set

z(1) = y(1) = x(2) 9

and subtract term by term equations (6) and (8).
Then the function z(#) is a solution of the nonlinear integral equation

z() =~ J {G(1, s)F(s, x(s)+z(s)) = q(t, s) F (s, x(s))

+q(t, s)G(s, x(s)+ z(s))} ds (10)
or, more briefly,
z(1) =(x, z)(1) (11)

where

0

I(x, z)(1) = —J {G(s, s)F(s, x(s)+z(s)) —q(t, s)F (s, x(5))

+4(t, )G (s, x(s)+z(s))} ds (12)

According to Definition 2, in order to establish the L,-equivalence of
equation (3)-(4) to equation (1)-(2) it suffices to show that for each solution
x(t) of equation (1)-(2) lying in the ball B, the operator equation (11) has
a fixed point z(t) such that x(¢) +z(t) € B, , for some p > 0 and which lies
in L,(R,, X).

Hence the problem of finding sufficient conditions for the L,-
equivalence of equation (3)~(4) to equation (1)-(2) is reduced to the problem
of the existence of a fixed point of the operator II and the study of its
properties.
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In the proof of the existence of a fixed point of the operator II in the
present paper a modification of Schauder’s classical principle is used refer-
ring to operators acting in the space S(R,, X) of functions which are
continuous for t# ¢, (n=1,2,3,...), have at the points ¢, limits from the
left and the right, and are left continuous. The space S(R., X) is linear,
locally convex, metrizable, and complete. A metric can be introduced to it,
for instance, by means of the quality

p(x,y)=|x-yl|
where

Izl = sup (14 T)" —BFozi=r]z(1)] -

0<T<w 1+maxXge,=7 ||2(2)]
The convergence with respect to this metric coincides with the uniform
convergence on each bounded interval. It is not difficult to verify that for
this space an analog of Ascoli-Arzella’s theorem is valid: the set M c
S(R,, X) is relatively compact if and only if the intersections M(1)=
{m(t): me M} are relatively compact for te€R, and M is equicontinuous
on each interval (¢,_,,t,] (n=1,2,3,...).

Lemma 1. Let the operator II transform the set
C(r)={xe S(R,, X): x(t)e B,(teR,)}

into itself and be continuous and compact.
Then II has in C(r) a fixed point.

3.2. Auxiliary Lemmas

In the further considerations we shall use some special properties of
the linear integral operator

o

Qz(1) = —J’ q(z, 5)z(s) ds (14)

1
in various spaces of functions which are defined on R, and assume values
in X. Since the integration everywhere is meant in the sense of Bochner,
then the existence of the integrals follows from the respective estimates.

Lemma 2. Let g(¢, s) satisfy the inequality
lg(s, )| =Me®™  (0=t<s<) (15)
and 6> 0.
Then Q: L,(R., X)=> L,(R., X)n LR+, X).
Proof. Since

o

latt 91 =)l ds = b [ e z(s))

t

o]

IIQZ(t)HSj
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then from Holder’s inequality it follows that

1/p
ozt =me( | eo ds) el om

t

s e—Stp' 1/p’
=Me (Sp') ||Z”Lp[o,oo)

oo

o 1 1
=M (8p") ¥z, 10,0 (‘ == 1)
p p

Hence, for z(t) e L,(R.., X) the function Qz(¢) is bounded and satisfies
the inequality

. M
| Qz(1)|| SW 2]l 2, 10,009 (16)

We apply once more Holder’s inequality and obtain the estimate

lQz(1)|=M J e”""z(s)|| ds

oo
=M J P74 ea('“s)/""z(s)“ ds

t

S 1/p' © 1/p
sM(J e'“"”ds) [J es(“s)||z(s)||”ds]

© 1/p
=M8_1/"'[J e’”’"””z(s)""ds]
t

The above estimate implies the inequality

© 1/p o o 1/p
[J ||Qz(t)||”ds] SMS‘””{JA U’ es('—s)||z(s)||”ds:| dt}

we apply Fubini’s theorem and obtain

(][ vostomar) ™ =pasn [ pecorras)”

Hence Q: L,(R,, X)~ L,(R,, X).
Lemma 2 is proved. n

Let w(t) (0=t<0) be a scalar positive function which is integrable
on each finite interval. Set

A(Q, w)={ —J q(t, s)z(s) ds: ||z(t)l!sw(t)} (17)

Lemma 3. Let inequality (15) hold and let, moreover, the function
q(t, s) be constant for te(t,_,,1,] (n=1,2,3,...).
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Then the functions of A(Q, w) are uniformly bounded and equicon-
tinuous on (¢,_,, t,] forn=1,2,3,....

Proof. The first assertion follows immediately from inequality (16). In
order to prove the second assertion, we shall use the fact that for 1€ (¢,_,, t,]
the following equality holds:

- J'"O q(t, s)z(s) ds=— on q(t,, s)z(s) ds

For ¢/, t"e(t,_, t,]

[ _J‘w q(t', s)z(s) ds] — [ - Jm q(t", s)z(s) ds:' = J‘t q(t,,s)z(s) ds

"

which implies the estimate

[ - Jm q(t', s)z(s) ds] —[ - on q(t”, s)z(s) dsjl

y
=M J e’ yw(s) ds
-

Since the function w(s) is integrable on (#,_,, £,], this implies the equicon-
tinuity of the functions of A(Q, w) on (t,_;, t,]-
Lemma 3 is proved. |

From Lemma 3 and the above generalization of Ascoli-Arzella’s
theorem about the space S(R., X) there follows the compactness of the
set A(Q, w) when the space X is finite dimensional. In the general case
when the space X is infinite dimensional, this is not true.

Let K be a convex, centrally symmetric, and closed set in X and let
w(t) be a scalar positive function defined on R,.. Set

pomK)={- |

t

oc

q(t, s)z(s) ds: ze L(w, K)}

where
L(w, K)={z(t)e S(R,, X): |z(t) | = w(1t), w (1)z(t) e K, te R, }

Lemma 4. Let the following conditions be fulfilled:

1. The conditions of Lemma 3 hold.

2. The set K < X is compact and centrally symmetric.
3. For teR, the following inequality holds:

J lg(t, s)]jw(s) ds <o

Then the set D(Q, w, K) is compact in S(R,, X).
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Proof. From Lemma 3 and the above generalization of Ascoli-Arzella’s
theorem about the space S(R.., X) it follows that in order to prove Lemma
4, it suffices to verify that for t € R, the set of the intersections D(Q, w, K)(t)
of the functions of D(Q, w, K) is compact.

Let t€R, be fixed. Then for any T> ¢ and ¢ >0 from the mean value
theorem for integrals it follows that

J'T q(t, s)z(s)[w(s)] 'w.(s) dse M(T —1t)cK

where w.(s)=min{c, w(s)}. Since the set K is compact, then M(T —t)cK
is a compact subset of X. Moreover,

J q(t, 5)z(s) ds—J q(t, s)z(s)w™ ' (s)w.(s) ds sL llq(t, s)||w(s) ds

[ze L(w, K}], where Q. ={se[t T]: w(s)=c}. Since the function
llg(t, s)||w(s) is integrable on [¢, T], then

[ law ol a>0 (s
This implies that the sCet
Dy = {JT q(t, )z(s) ds: ||z(s)| = w(s), z(s)w ' (s) e K, s €[1, T]}
is approximated arbitrarily closely by the compact set M (T —t)cK, hence,

by Hausdorfi’s theorem, is compact, too. Moreover, for ze L(w, K) the
following inequality holds:

f q(t,s>z<s>ds—j a(t, $)2(s) ds sL laCs s)w(s) ds

Since the function ||g(, s)||w(s) is integrable on R, , then
J lq(t, s)jw(s) ds—>0 for T->w
T
But this means that the set D(Q, w, K) is approximated arbitrarily closely

by the compact sets Dy, and by Hausdorff’s theorem it is compact itself.
Lemma 4 is proved. [ ]

3.3. Conditions for L,-equivalence

Before going on to the proof of the main assertions, we mention that
all functions considered in the present paper are Bochner measurable. That
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is why a sufficient condition for their integrability is the absolute convergence
of the respective integrals.

Theorem 1. Let the following conditions be fulfilled:
1. The operator-valued functions ¢(z, s) and 4(¢, s) satisfy the estimates

la(t, )l 1d(ss)|=Me* ™ (0=t<s<00) (18)
where M, 6> 0, and the operators A, (n=1,2,3,...) satisfy the condition
Y JA=Ne" ™ (0=1<s<o) (19)

1=t <s

where N >0, e > —é.
2. The function F(t, x) satisfies the conditions

o t)= “51”12 | F(t, wille L,(R4) (20)
¥,,(1)= sup ||F(t,u+v)—F(t,u)|eL,(R,) (21)

lulf=rllvl=p
and
g, (D[F(tbutv)-F(r,u)]Je K  for teR,, |ullsr, |ovf=p

where K is a convex, compact, centrally symmetric set and p is a positive
number.
3. The function G(¢, x) satisfies the condition

Xr-i»p(t) = Sup HG(t: u)“ € Lp(R+) (22)

full=r+p
and
XiLG(LueK  (0=i<cw, |uj=r)
4. The following inequality holds:
e O A G W e Ol Zp 23)

Then the equation (3)-(4) is L,-equivalent to the equation (1)-(2) in
the ball B,.

Proof. We shall show that for any function x(¢) such that x(z)€ B,
(teR,) the operator TI(x, z) defined by equality (12) maps the set

Clp)={ze SR, X): z(t)e B,(teR.)}

into itself.
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Let x(¢)€ B, (t€R,) and let ze C(p). Then the norm of the operator
H(x, z)(1) = —J {4(t, s)LF(s, x(s)+z(s)) = F(s, x(s))]

+[4(¢, s)—q(1, s)1F (s, x(s))
+q(t, s}G(s, x(s)+z(s)} ds (24)

satisfies the estimate
e 200 [ (e - 176 2(5)+2(60) s, x(s))]

+14(t, ) —q(t, s)|| - | F(s, x(s))||
+1G(2, s)| - |G (s, x(s)+z(s))]| ds

whence, in view of (20) and (23), we obtain

feol

ITECx, 2)(8) = J 1G(2, HNE o (8)+ Xrsp (5)] ds

t

+J' ||q(ta S)"I(tas)”%(s) ds (25)

The first of the integrals on the right-hand side of (25) can be estimated,
in view of (18) and Lemma 2, in the following way:

* M
_[r IG(t, )[4 p(5)+ xrap (5)] ds SW 190+ Xes0)(8)]|,  (26)

In order to estimate the second integral in inequality (25), we use a suitable
estimate of §(1,s)—q(t, s). The expression ¢(t, s)—q(t,s) satisfies the
equality

§(t,s)—q(t,s)= 11 (Q+4)"'= [ Q'

tstj<s tStj<s
= Z [ H (Qj+Aj)_1j|Ak( H Q]_1>
=i <<s fSthfk tkStj<S
== Y 4t tiio)Arg(ti, 5)
t=1;<s

whence by (18) we obtain the estimate
14(t, 9)—q(t, )| =M> ¥ U7 TPUTIA |

t=t,<s

=MD S A

1=t <<s
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In view of inequality (19) we obtain
1g(t, s)—q(t, s)|| = M?2N ®+a)t—9)

Using the above inequality for the second integral in (25), we obtain the
following estimate:

o0

J ||§(t,S)~q(t,S)N<Pr(S)dsSMZNJ eI o (s) ds
£

t
whence by Lemma 2
M?N
[(8+&)p']""

In view of inequalities (26), (27), and (25), for the expression ||I1(x, z)(¢)||
we obtain the estimate

J 14(2, s)—q(t, s)]|¢,(s) ds =< e (), 27

M*N LM
[t ez, (op) 77 |
whence by (23) we obtain ||II(x, z)(¢)|| <p, i.e., [I(x, z) € C(p). Hence, for
any x € C(r), the set C(p) is invariant with respect to I1(x, z).

We shall show that the operator II(x, z) is continuous in S(R., X).

First we establish that the set of values II(x, -) on C(p) is compact in
S(R;, X). In fact, the operators

F.(z)(t) = F(t, x(t)+z(¢)) — F(t, x(1))

ITI(x, 2)(2)] = Yoo+ XowollL,

and
G, (2)(t) = G(1, x(t)+z(1))

transform C(p), in view of (21), (22), into the sets L(¢,,, K) and
L(x,+,, K), respectively, which, in view of Lemma 4, are further transformed
by the linear integral operator é with a kernel §(z, s) into compact sets.

Let the sequence {z,(t)} = C(p) be convergent in the metric of the
space S(R,, X) (i.e., uniformiy on each bounded interval) to the function
z(t)e C{p). Then, for t € R, the sequences F(¢, x(t)+z,(t)) — F(¢, x(t)) and
G(t, x(t)+z,(t)) converge to F(t, x(t)+z(t))— F(t, x(¢)) and G(t, x(t)+
z(1)), respectively. The two sequences of functions are majorized, respec-
tively, by the functions ¢, (), x,+,(¢) € L,(R,). From Lemma 2 it follows
that the convergent sequences of functions

G(t, s)LF (s, x(s)+2,(s)) = F(s, x(s)],  4(1, 5)G(s, x(5) +z,(s))

are majorized by the integrable functions Me’“® ¢, (s) and
M e®"9 x,, ,(s), respectively. That is why within the integrals in formula
(24) we may pass to the limit, hence II(x, z,)(t) tends to I(x, z)(¢) for
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teR, . Since II(x, z) maps C(p) into a compact set, this implies that I(x, z,)
tends to II{x, z) in S(R,, Z) as well.

From Lemma 1 it follows that for any xe C(r) the operator II(x, z)
has a fixed point z in C(p), i.e., z=II(x, z). In view of Lemma 2, this fixed
point belongs to the space L,(R., X), i.e., equation (3)-(4) is L,-equivalent
to equation (1)-(2) in the ball B,.

Theorem 1 is proved. [ |

3.4. Conditions for Asymptotic L,-Equivalence

Theorem 2. Let the following conditions be fulfilled.
1. The operator-valued functions q(¢, s) and §(1, s) satisfy the condi-
tions

gt ), 14( )|=Me>™  (0=t1<s5<oo) (28)
where M, § >0 and the operators A, (n=1, 2, 3,...) satisfy the conditions
Y A= Nef "™ (0=t<s<o)

t=t<s
where N >0, ¢ > —6.
2. The function F(t, x) satisfies the conditions
@, ()= sup |[F(t,u)| € L,(R.)

o =

(29)
o()=  sup  |F(t,u+v)~F(tu)|eL,®,)

luf=rlol=p
where
Yro(D[F(utv)-F(t,u)leK  (teR., |ul=r, |oll=p)
K is a convex, compact, centrally symmetric set and p is a positive number.
3. The function G(t, x) satisfies the condition
Xr+o(t)= sup [G(t,u)eL,(R,) (30)

lull=r+p
and
Xr_-:p(t)G(t’ u)eK (tER‘F’ ||u||5r)

Then equation (3)-(4) is asymptotically L,-equivalent to equation
(1)-(2) in the ball B,.

Theorem 2 is a consequence of Theorem 1. Its proof, by the substitution
f=1t+71, where 7 is a sufficiently large, positive constant, is reduced to a
verification of the conditions of Theorem 1.

Analogously, theorems on L,-equivalence and asymptotic L,-
equivalence of equations (1)-(2) and (3)-(4) can be formulated and proved.
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3.5. Remarks

Remark 1. Conditions 1-4 of Theorem 1 can be replaced by the
following conditions:

J gt ILIF (s, x(s)+2(s)) = F(s, x(s)]|

+ Gs, x(s)+2(s))|[] ds

+J gz, s)=4(t, s} - [ F(s, x(s))]| ds=p (31)
for some p >0,
lim sup sup
=t'>0 e, 1,1 |z(s)]=p

z(s)eS(R,, X)

X J 1(ts ILIECs, x(5)+2(s)) ~ F(s, x(s))

+1G(s, x(s)+z(s))|1ds=0 (32)
for x(1)e S(R., X), |x(D)l=r,n=1,2,3,....,z(t)=p

Remark 2. Conditions 1-3 of Theorem 2 can be replaced by the follow-
ing conditions:

| "1t oG x5+ 2660 s st

[ G(s, x(s)+2(s))[1 ds = A(T, 1, p) (33)
x(),2(0eSR, X)), x(Dl=r,  |20]=p, =T
where
lim A(T,r,p)=0

T—o0

lim sup j g, )~ 4(t, s)| - [ F(s, x(s))] ds =0 (34)
T t= 1
x(t) e S(R., X), x| =w T=t<)
lim sup sup

=0 e (ot 2(5)]=p
z(s)eS(R,, X)

[ "t 9117 x00)+ 29~ Fis x5

+1G(s, x(5)+2(5)||] ds =0 (35)
x(NeS®., X),  Ix(l=r, n=1,23,...
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Remark 3. Theorem 1 can be extended, without any changes in the
proof, to impulsive functional differential equations of the type
dx/dt = Fx (t#1t,)
x(t,+0)=Q,x(t,) (n=1,2,3,...)
and
dy/dt = Fy+ Gy (t#t,)
y(6,+0)=(Q,+A,)y(t,)  (n=1,2,3,...)
Here F and G are operators defined for all functions x e S(R,., X) such
that || x(t)|| = r+p and x(¢) € L,(R., X) for concrete r, p>0and 1 < p =co.
In particular, the operator G can be chosen in the following three ways:
1. Gx(t)=[, K(t,s,x(s)) ds
2. Gx(t)= G(t, x(1), x(A(t)), where A(t): R, >R,
3' Gx(t) = Gl(t’ x(t)a maxseE(t) x(s))
where X =R and E(¢) is a finite set depending on ¢ “well enough.”

Remark 4. An essential role in the proof of Theorem 1 (Theorem 2)
is played by inequalities (18) [(28)]. Analogous theorems can be proved
when in their place inequalities of the following form hold:

lw(t, ), |W(s)|=Me®™  (0=s=t<wx)
Where M > Oa 8 < O, W(t, S) =Hsstj<t Qja VT’(t, S) = Hsstj<t (Q]+A])'
Then, instead of integral equations (6) and (8), the following equations
should be considered:

t

x(t)=q(t,0)x(0) +I q(t, s)F(s, x(s)) ds

0
t

y() = 4(1,0)x(0) +J 4(t, $)[F(s, y(s))+ G(s, y(s))] ds

0

In this case the condition of the invertibility of the operators Q, and
Q, t A, is superfluous. One can consider a still more general situation when
the operators Q, and Q,+ A, are such that the impulsive linear equations

dx/dt=0 - (t#1,)
x(t, +0) = Q,x(t,) (n=1,2,3,...)
and
dy/dt=0 (t#1t,)
(L +0)=(QutA)y(s)  (n=1,2,3,...)
are exponentially dichotomous.
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Remark 5. For p =0 instead of the space L.(R., X) it is more con-
venient to consider its subspace L%(R.., X) consisting of functions tending
to zero for t—->o0. Equation (12) can be considered in this space if
the functions ¢,(f), ¥,,(t), and x,+,(t) are elements of LL(R,, X). In this
case the operator II(x, z) will be compact not only in S(R,, X) but
also in Lo (R,, X). In this case for the proof of Theorem 1 one can use
not only Schauder’s theorem, but also the theory of the rotations of the
continuous compact vector fields (e.g., the theorem of the odd vector
fields (Krasnosel’skii and Zabreiko, 1984).
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